Under suitable hypotheses, we generalize known results for relative equilibria and relative periodic orbits of symmetrical dynamical systems to the case of relative quasi-periodic tori.
Introduction
In a dynamical system with symmetry, a relative set is a subset of the phase space that is invariant under the group action, and whose quotient is invariant under the reduced flow. The cases which have been studied more extensively are relative equilibria and relative periodic orbits [9, 13, 10, 11] ; for a comprehensive treatment, see the unpublished lecture notes [4] by Duistermaat . Under certain hypotheses which may to some extent be relaxed (compactness of the group, freeness of the action), the unreduced dynamics is in both cases quasi periodic. Specifically, both relative equilibria and relative periodic orbits are foliated by tori carrying linear flow and of dimension not greater than the rank of the group in the case of relative equilibria, and of the rank of the group plus one in the case of relative periodic orbits.
The situation is different if the reduced dynamics is quasi-periodic, that is, if the reduced system has an invariant torus F of some dimension k ≥ 2 on which the flow is conjugate to a linear flow. Clearly, it may be assumed that the reduced motion has nonresonant frequencies, so that F is the closure of any reduced trajectory on it (if not, restrict to a subtorus). Simple examples show that, even if the group is compact and the action is free, the reconstructed dynamics need not be quasi-periodic [20] . This fact has been interpreted through the appearence of 'small divisors' in the reconstruction process [20] , through the lack of reducibility of the reconstruction equation [19] and through the absence of an additional T k symmetry for the unreduced system [19] . In this article we provide a generalization of the reconstruction procedure for periodic orbits developed by Field and others [10, 13, 11] to the quasi-periodic case. If the reduced flow is quasi-periodic with nonresonant frequencies, then no reduced orbit ever returns to the same point and the unreduced (or, as we shall say, 'reconstructed') orbits never return to the same group orbit. This makes it impossible to define the basic object used in the reconstruction theory for periodic orbits-the group element associated to the first return map and variously called 'phase' or 'monodromy' or 'shift' [10, 11, 4] . We overcome this difficulty by applying the reconstruction techniques for periodic orbits not directly to the flow, but to a homology basis of the reduced invariant torus. In order to do this, we need the assumption that a set of generators of the reduced torus lifts to commuting, G-invariant vector fields that commute with the dynamics. Under this hypothesis, we prove that the relative quasi-periodic torus has-as expected-a structure analogous to that of relative equilibria and periodic orbits: it is foliated by invariant tori of some dimension k + d, with d between zero and the rank of the group, on which the flow is quasi-periodic. The frequencies of the reconstructed flow are the k 'internal' frequencies of the reduced flow plus d other 'external' frequencies that are identified in the reconstruction process in terms of the 'phases' of the lifts of the generators and of the Lie algebra of a certain torus in the group, whose construction depends on both geometric and dynamic properties of the system. 1 We show that this construction can always be done in a way which is natural from the dynamical point of view as well, that is, the reconstructed flow is dense in each of the (k + d)-dimensional tori that foliate the relative quasi-periodic torus. In the periodic case this was done by Duistermaat [4] , but we use here a somewhat different technique.
A problem closely related to the one studied here is when the reduced system is integrable, in the sense that it has quasi-periodic dynamics. If the reduced system has either periodic flow [10, 11] or is Hamiltonian [20] then, under suitable hypotheses on the group, the unreduced sytems turns out to be integrable as well, but this is otherwise not always true [20, 12] . Because of some specificity of this problem, related to the global structure of the fibration by invariant tori, we prefer deferring this study to a future work.
Reconstruction theorems 2.1 Statements
Assume that a compact and connected Lie group G acts freely on a manifold M . Denote by M the quotient manifold M/G and by π : M → M the canonical projection. Let X be a G-invariant vector field on M and X = π * X its projection on M . Assume that the reduced vector field X has an invariant torus which supports quasi-periodic motions. Specifically, there is an embedding i :
with ω 1 , . . . , ω k ∈ R, where ϕ = (ϕ 1 , . . . , ϕ k ) are the angles in T k ; we make the convention that S 1 = R/Z. We assume that the frequencies ω 1 , . . . , ω k are nonresonant, that is, independent over Z (if they are not, the reconstruction applies to each nonresonant subtorus of F ). Hence, the closure of each reduced motion in F is the entire F .
From now on we restrict our analysis to the relative quasi-periodic torus
which is a compact submanifold of M of dimension k +dim G, is G-invariant and X-invariant. The restriction π| F of π to F is a submersion onto F with fibers diffeomorphic to G. From now on we will write X for X| F , π for π| F etc. (The manifold M will not play any role in the sequel; in fact, we might even have taken M = F ).
Recall that a dynamical symmetry of a vector field Y is any vector field that commutes with Y . Moreover, we say that a vector field S on F is a lift of a vector field S on π(F ) = F if π * S = S. As usual, we denote by X (F ) the set of all vector fields on F and by Φ Y t the time-t map of the flow of a vector field Y . With a little abuse, we denote by ∂ ϕj the vector fields i * (∂ ϕj ) in F , and call them the generators of F . Theorem 1. Under the stated hypotheses, assume that there exist lifts of k − 1 among the generators of F which are G-invariant, are dynamical symmetries of X, and pairwise commute. Then:
i. There exists a fibration of F whose fibers are X-invariant manifolds diffeomorphic to T k+d , for a certain 0 ≤ d ≤ rank G, on which the flow of X is conjugate to the linear flow on T k+d with frequencies
ii. The base of this fibration of F is diffeomorphic to G/T , where T ⊂ G is a d-dimensional torus.
The above fibration, including the dimension d of the tori, is in general not unique. It will appear from the proof that, if d < rank G, then the same result is valid with tori of any dimension d+ 1, . . . , rank G. In this statement it is not granted that the frequencies (ω, ν) are nonresonant, in which case there might exist fibrations in tori of dimension smaller than such a d. It is however always possible to obtain a similar result with nonresonant frequencies, and hence tori of the minimal dimension and as such uniquely defined; in doing so, however, one realizes that the frequencies of the reconstructed motions might be different from those of the reduced motions: ii. The base of this fibration of F is diffeomorphic to G/T , where T is an abelian subgroup of G isomorphic to T 0 × F 0 , with T 0 a d 0 -dimensional torus of G and F 0 a finite abelian subgroup of G.
The description of motions given in statement i. of Theorem 2 takes place not in the torus T m ⊂ F , but in a ("longer") torus that covers it and the frequencies ( ω r , ν) are relative to a choice of angles in the covering torus. In order to describe the motion in the tori T m one should introduce angles on them. This operation could be better described once the proof of Theorem 2 is done, but would lead to frequencies (µ, ν) ∈ R k+d0 with µ = 1 r DM ω where M is a k × k unimodular integer matrix and D is a diagonal integer matrix (whose entries are of the form s 1 , . . . , s l , 1, . . . , 1 where l = d − d 0 and each s i divides the integer r i introduced in the proof). We do not enter here into the details of this construction, that seems to be easier and more interesting to be done case by case.
The proofs of the two theorems are given in Section 3.
Comments on Theorem 1
What Theorem 1 actually deals with is not the preimage under the canonical projection of a single quasi-periodic orbit, but of the entire invariant torus. This is why we prefer the expression 'relative quasi-periodic torus' to 'relative quasi-periodic orbit'.
Theorem 1 may be regarded as an extension to the quasi-periodic case of the results for relative periodic orbits [10, 13, 11, 4] : when dealing with a reduced periodic orbit, k = 1 and the hypotheses of the theorem yield no conditions (and its proof is valid also for k = 1).
In the proof we give expressions for the 'external' frequencies ν, that may in principle be used to compute them in examples. Specifically, there is a d × k matrix H such that ν = Hω .
(
The linearity of this relation might be seen as related to the linearity of the so called reconstruction equation (as defined e.g. in [14] ). We remark that under the hypotheses of Theorem 1, there are not only k − 1, but k pairwise commuting, G-invariant dynamical symmetries of X that are lifts of the generators ∂ ϕ1 , . . . , ∂ ϕ k . In fact, let S 1 , . . . , S k−1 be lifts of, say, ∂ ϕ1 , . . . , ∂ ϕ k−1 , that have these properties and define
then π * S k = ∂ ϕ k and S 1 , . . . , S k are lifts of ∂ ϕ1 , . . . , ∂ ϕ k with these same properties. In the proof, we will use such a set of k lifts. Clearly, the lifts S 1 , . . . , S k define an action of R k that commutes with the action of G and leaves X invariant. To some extent, the proof of Theorem 1 consists in showing that this action is in fact an action of T k . Therefore, under the hypotheses of Theorem 1, the relative quasi-periodic torus F is invariant under an action of G × T k , not only of G. It is interesting to relate this fact to a different approach to the reconstruction from quasi-periodic dynamics taken by Zenkov and Bloch [19] in the study of a nonholonomic mechanical system with an SO(n) symmetry, which is an n-dimensional generalization of the classical Suslov problem [16, 8] . Even though they consider only that specific problem, they lay down ideas that apply in general. First, they show that a sufficient condition for the quasi-periodicity of the reconstructed dynamics is the reducibility of the reconstruction equation. In fact, while the reconstruction equation is always reducible if the time dependence is periodic (Floquet theory), its reducibility is unknown in the quasi-periodic case (see e.g. [15] for a review of reducibility theory with emphasys on the quasi-periodic case). Next they prove that, if the reduced dynamics is quasi-periodic with k-dimensional invariant tori, then the reconstruction equation is reducible if and only if the unreduced system is invariant under an action of SO(n) × T k .
Example. We conclude with an example: the vector field
is the value at g of the infinitesimal generator of ξ associated to left multiplication). The group G = SO(3) acts by left multiplication on the SO(3) factor of F and leaves X invariant. The reduced space is F = T 2 and the reduced vector field
has quasi-periodic flow with frequencies (ω 1 , ω 2 ) = (1, √ 2). The vector field
is a lift of ∂ ϕ1 , is SO(3)-invariant, and commutes with X. Therefore, given that SO(3) has rank one, Theorem 1 (Theorem 2) implies that the flow of X on F is conjugate to a (nonresonant) linear flow on tori of dimension either two or three (which possibility is realized depends on f 1 , f 2 , ξ). This conclusion does not seem to be obvious. In an n-dimensional manifold, quasiperidocity on k-dimensional tori requires the existence of k independent commuting dynamical symmetries and n − k independent first integrals, which are preserved by the symmetries (see [2] ). In the present case, X has three obvious independent dynamical symmetries, namely S 1 , ∂ ϕ2 + f 2 ξ SO(3) and ξ SO (3) , but the existence of first integrals is not apriori clear-and a posteriori not easy to write down (for some hint, see [6] ).
Remark: Quasi-periodic reduced dynamics need not reconstruct to quasi-periodic dynamics even when the group G is abelian (for an example, see Section 2.5 of [20] ). However, when the group is abelian, and G-invariant commuting lifts do exist, then the proof of Theorem 1 is trivial: a compact abelian group is a torus T d and one can use independent infinitesimal generators of the torus action as additional dynamical symmetries that commute with X and with S 1 , . . . , S k ; so, X is a T k+d -invariant vector field in T k+d .
Comments on Theorem 2
The reason why, in Theorem 2, the reconstructed motions may have the first k frequencies that are submultiples of those ω 1 , . . . , ω k of the reduced motion can be understood on a simple example. The vector field
is equivariant under the action of G = S 1 by translations of the third angle. The reduced system is the vector field
. A possible reconstruction would obviously add back the third angle, leading to (a single) reconstructed torus of dimension 3, with internal frequencies ω = (1, √ 2), d = 1, and external frequency ν = 1 2 . But the dynamics of the unreduced system is dense in the 2-dimensional subtori of F = T 3 given by α 1 − 2α 3 = const. This suggests that it should also be possible to perform the reconstruction process so as to have d 0 = 0 and a fibration of F = T 3 by two-dimensional reconstructed tori, with no external frequencies. In fact, in the coordinates
and its flow is conjugate to the linear flow on the two-dimensional tori ϕ 3 = const with frequencies (
(We note that we are not implementing here the construction outlined after Theorem 2; instead, we directly make a choice of angles for the sets T m ≃ T 2 that foliate F , without any consideration of a covering).
In Theorem 2, the dimension k + d 0 of the reconstructed torus may be anything between k and k + rank G. Mathematical examples of all these situations may of course be easily constructed. A very interesting example coming from nonholonomic mechanics is a n-dimensional generalization of the classical Veselova system [17, 18] considered in [7] . Such problem admits a compact (SO(n − 1)) symmetry group and, as shown in [7] , the reduced dynamics is, upon a time reparameterization, quasi-periodic in (n − 1)-dimensional tori. Using techniques different from those used here, the authors of [7] prove that also the unreduced dynamics is, in the new time variable, quasi-periodic in tori of dimension n − 1. If this case (after the time reparameterization) could be analyzed in the realm of our approach, complete resonance between the 'internal' and 'external' frequencies ω and ν would be found, making d 0 = 0.
3 Proof of the theorems
Phases of commuting lifts of reduced periodic vector fields
First we recall the definition of phase for the periodic case, from [10, 11, 4] . We say that a G-invariant vector field S ∈ X (F ) has periodic reduced flow if the reduced vector field S := π * (S) has periodic flow with positive smooth period function p : π(F ) → R + ; we call p := p • π the lifted period of S. The action of G on F will be denoted by a dot.
If S ∈ X (F ) has periodic reduced flow with lifted period p, then for any m ∈ F , Φ S p(m) (m) belongs to the G-orbit of m and, given that the action is free,
for a unique element γ(m) ∈ G. This defines a map γ : F → G that we call phase of S (monodromy and shift are also used). It is known that this map is smooth, has the Gequivariance property
and is constant along the flow of S: γ(Φ S t (m)) = γ(m) for all t ∈ R and m ∈ F , see e.g. [6] . We now consider phases of commuting vector fields: 
Proof of Theorem 1
As noted in Section 2, see equation (2), under the hypotheses of Theorem 1 there exist G-invariant lifts S 1 , . . . , S k ∈ X (F ) of ∂ ϕ1 , . . . , ∂ ϕ k which pairwise commute and are such that
and hence commute with X as well. Thus
We will write {S} for the collection {S 1 , . . . , S k } of the lifts and
Moreover, we will write ω = (ω 1 , . . . , ω k ). Thus, Φ
Fix a point m ∈ F . The vector fields S 1 , . . . , S k are G-invariant and have reduced periodic flows with unit period. Let γ 1 , . . . , γ k be their phases at the point m, γ i = γ i (m) if γ i is the phase of S i . Due to the commutativity of the phases, see Lemma 1, the set
is an abelian subgroup of G. Let T 2 be a torus in G that contains the closure of Γ 2 . (Recall that a torus in a Lie group G is any connected compact abelian Lie subgroup of G; all tori of G have dimension not greater than the rank of G, which is in fact the dimension of the 'maximal tori'). Let t 2 ⊆ g be the Lie algebra of T 2 . Then, there exist vectors η 1 , . . . , η k ∈ t 2 such that exp(η i ) = γ i for i = 1, . . . , k. For economy of exposition, we will call these vectors 'logarithms' of the phases at m; they are not unique (being defined up to an integral lattice), so we make a choice of them. We will write η = (η 1 , . . . , η k ) and, if x ∈ R k , x ⋆ η for
Lemma 2. The map
is a diffeomorphism.
Proof. The map j is well defined because j(α + z, g) = j(α, g) for all z ∈ Z k . In fact
given that, by the G-invariance of the lifts,
To prove that j is a diffeomorphism it suffices to show that it is a local diffeomorphism at each point, and that it is bijective. To prove that j is a local diffeomorphism, consider a vector (a, ξ) ∈ R k × g. Let v ∈ T (α,g) (T k × G) be the vector which is tangent at t = 0 to the curve t → (α + ta, exp(tξ)g). Since the image via j of this curve is
by differentiation one finds
where X ξ , X ηj are the infinitesimal generators of the group action associated to the elements ξ, η i ∈ g. Since the S i 's are not tangent to the orbits of G, the vanishing of T (α,g) j · v requires a = 0 and hence the vanishing of X ξ ; thus ξ = 0.
To prove injectivity assume that j(α, g) = j(β, h). Then
and Φ Finally, for any m ∈ F there exist β ∈ T k such that Φ {Ŝ} β (π(m)) = π(m). Hence Φ {Ŝ} β (π(m)) = h.m for some h ∈ G and m = j(β, h exp(β ⋆ η)). Thus, j is surjective.
Note now that m = j(0, e G ) and
The one-parameter subgroup
of G is an abelian and connected subgroup of T 2 . Hence, its closure is a torus
The set
is diffeomorphic to T k × T 1 and is invariant under the flow of X: from (6), if (β, h) ∈ T k × T 1 then Φ X t (j(β, h)) = j(β + ωt, h exp(tω ⋆ η)) ∈ P m because both h and exp(tω ⋆ η) belong to the subgroup T 1 . If m ∈ F then m = j(β, g) for unique β ∈ Z k , g ∈ G and we define
Lemma 3. i. For any m ∈ F , P m is diffeomorphic to T k × T 1 and is X-invariant. ii. For any m, m ′ ∈ F , the sets P m and P m ′ are either equal or disjoint. iii. The sets P m , m ∈ F , are the fibers of a fibration of F with base diffeomorphic to G/T 1 .
Proof. i. Since g.j(β, h) = gh exp(−β ⋆ η).Φ {S} β (m) = j(β, gh),
The X-invariance of g.P m follows from the X-invariance of P m and from the G-invariance of
this follows from the facts that j is a diffeomorphism of T k × G onto F and that lateral classes in a group either coincide or are disjoint.
iii. This follows from the fact that the sets T k × gT 1 are the fibers of a fibration of T k × G with base G/T 1 .
We now prove that the restriction of the flow of X to each set P m , m ∈ F , is conjugate to one and the same linear flow on T k+d1 , where d 1 is the dimension of T 1 . Choose an integral basis ξ = {ξ 1 , . . . , ξ d1 } of the Lie algebra t 1 ⊆ g of T 1 ; 'integral basis' means that it generates the lattice of elements that exponentiate to the unity: for ζ ∈ t 1 , exp ζ = e G if and only if
for some ν = (ν 1 , . . . , ν d1 ). Moreover, for any g ∈ G, the map
Lemma 4. For any g ∈ G, i g conjugates the linear flow
to the restriction of the flow of X to P g.m .
Proof. Φ X From this expression and (6) it follows that Φ
3. The choice of the lifts of the generators, of their phases and obviously of the point m are not unique. The entire construction depends on them. Only the invariant tori of F of minimal dimension, being uniquely defined by the dynamics as closure of trajectories, will be independent of these choices.
4. What we need in the proof are the logarithms η i 's of the phases γ i and the fact that they commute. This implies that they belong to some abelian Lie subalgebra of g and the torus T 2 is used only to define such a subalgebra. The dimension of t 2 is immaterial to our construction, and even if it might seem to be natural to choose it as small as possible there is no need to do that within the proof of Theorem 1 because we might have to change anyway this choice in the proof of Theorem 2 to remove resonances between the internal and the external frequencies.
Proof of Theorem 2
In the proof of Theorem 2 we use the entire construction done in the proof of Theorem 1. If the frequency vector (ω, ν) constructed in that proof happens to be nonresonant then Theorem 2 is valid with d 0 = d 1 , T = T 1 and r = 1. It remains to be considered the case in which the vector (ω, ν) is resonant.
A resonance of (ω, ν) ∈ R k+d1 is a nonzero integer vector (p, q) ∈ Z k+d1 such that p · ω + q · ν = 0. Resonances of (ω, ν) form a lattice Λ of Z k+d1 of rank l ≥ 1. The lattice Λ has a basis formed by l vectors
Remember that the vector ω ∈ R k is nonresonant by assumption. The density of the set {exp(tω ⋆ η) = exp(tν ⋆ ξ) : t ∈ R} in the d 1 -dimensional torus T 1 implies that the vector ν ∈ R d1 is nonresonant as well. Thus, each of the two groups of vectorsp 1 , . . . ,p l ∈ Z k andq 1 , . . . ,q l ∈ Z d1 forming the basis of Λ is independent over Z. 
has a basis formed by l vectors
where p 1 , . . . , p l ∈ Z k , e i denotes the i-th vector of the standard basis of Z d1 , and the r i 's are positive integers with the property that if r i < r j then r i divides r j .
Proof. Let Q be the d 1 × l integer matrix with columnsq 1 , . . . ,q l . By the Smith Normal Form Theorem (see e.g. [3] ), there exist a d 1 × d 1 integer matrix Z and an l × l integer matrix C, both invertible over Z (that is, unimodular, or having determinant ±1), such that the matrix ZQC T has the block structure
where O d1−l,l is the (d 1 − l) × l null block and r 1 , . . . , r l are nonnegative integers such that if 0 = r i < r j then r i divides r j . Since Q has rank l, all r j = 0. Let Z ij ∈ Z denote the entries of Z. Since Z is unimodular, the vectors
form a new integral basis ξ ′ of t 1 and
Since
has a basis formed by the l vectors (p i , Zq i ), i = 1, . . . , l. Let now C ij ∈ Z be the entries of C. Since C is unimodular, another basis of Λ ′ is formed by the l vectors
This is the basis (8), with p i = l j=1 C ijp j for i = 1, . . . , l, because the first l rows of (9) read l j=1 C ij Zq j = r i e i , i = 1, . . . , l.
Note that the resonance relations satisfied by the new frequency vector (ω, ν ′ ) ∈ R k+d1 that correspond to the vectors of the basis (8) are
Moreover, Lemma 5 gives a decomposition of the Lie algebra t 1 as a sum of two subalgebras, t 1 = t res ⊕ t 0 , with t res = Span(ξ
This decomposition is such that if ν ′′ ∈ R d0 denotes the vector of the components of the frequency vector ν
, then the vector (ω, ν ′′ ) ∈ R k+d0 is nonresonant. We now proceed as in the proof of Theorem 1, but instead of the lifts S 1 , . . . , S k considered there we consider the lifts S of the phases would be rη i , but we choose instead
we will write δ = (δ 1 , . . . , δ k ). Note that δ i ∈ t res and exp δ i = e G (so that exp η 
is a smooth r k : 1 covering map.
Proof. The same arguments used in the proof of Lemma 2 show that j ′ is well defined, is surjective and is a local diffeomorphism at each point. Because of the latter property, if the cardinality of its fibers is constant then it is a covering map. Assume
This implies Φ 
Thus, if equation (13) is satisfied, there is u ∈ Z k r such that γ
Thus, the cardinality of the fibers of j ′ is r k .
By (14) , the deck transformations of the covering
that is free and satisfies j ′ • Ψ u = j ′ for all u. Therefore:
(the quotient being relative to the action Ψ). Now
and instead of the subgroup Γ 1 of the proof of Theorem 1 we are lead to consider the subgroup
By (11) and (12),
and hence, using (7) and (10),
Therefore, the closure of Γ 0 is the d 0 -dimensional torus T 0 = exp(t 0 ). For shortness, we write
and
and the sets P
are invariant under the flow of X. Consider the subgroup K of Z k r defined as
Lemma 8. For each g ∈ G, P ′ g.m is diffeomorphic to (T k × gT 0 )/K (the quotient being relative to the action Ψ).
Proof. Clearly, it suffices to consider g = e G . It follows from Lemma 7 that P ′ m is diffeomorphic to the quotient of T k × T 0 by the subgroup of the deck transformations that map T k × T 0 to itself. Thus, we only have to show that this subgroup is K. Assume (α, h) ∈ T k × T 0 . Since δ i ∈ t res and T 0 = exp(t 0 ), Ψ u (α, h) = (α + Thus, the restriction of j ′ to T k × gT 0 is a covering of P ′ g.m with fibers
(Note however that the preimage under j ′ of P ′ g.m is T k × gT 0 F 0 , where F 0 = {exp(r −1 u ⋆ δ) : u ∈ Z k r }). We thus introduce coordinates on these covering tori, with the map
which clearly is still a covering map, with fibers diffeomorphic to those of j ′ (see below). From (16) it then follows that This proves Theorem 2 with T = T 0 F 0 . Since T 0 and F 0 are abelian subgroups contained in T 1 , and their intersection is e G , T 0 F 0 is abelian and diffeomorphic to T 0 × F 0 .
Remark: Our treatment of resonances differs from the one by Duistermaat in [4] , which is restricted to the case k = 1. Following Duistermaat, in the proof of Theorem 1 we would have taken T 2 as the smallest compact subgroup of G that contains the closure of Γ 2 (see also Remark 4 at the end of Section 3.2). If T 2 is connected, and hence a torus, when k = 1 there is nothing else to do. If T 2 is not connected, then it is the product of a torus T and of a finite group F , say of order r 1 . When k = 1, multiplying by r 1 the unique lift S 1 yields the power γ r1 1 of the unique phase γ 1 and automatically eliminates all resonances between the internal frequency ω 1 and the external frequencies ν. When k ≥ 2, however, this procedure does not eliminate the possibility of resonances between the internal and the external frequencies.
